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ABSTRACT

This thesis presents an analysis of the behavior of
pipe line suspension bridges under the action of wind.
From this analysis a differential equation of vertical
vibration is derived and solved, and the possible methods
of preventing its vibration are discussed and suggested.
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NOMENCLATURE

a = distance between two successive vortices
= coefficient of lift force
= coefficient of torsional moment
D = drag force
d = diameter of pipe line
d

V

d^ = elliptical axes
E = modulus of elasticity of pipe line
F = total lift force
f = sag of center span
g = acceleration of gravity
= horizontal component of tension due to dead load
aH

= additional horizontal component of tension of
cable due to elastic force

I = moment of inertia of pipe line
L = lift force under the action of wind
1 = length of center span
= length of side span
M = bending moment of pipe line at any cross section
m = mass per unit length of bridge
N = frequency (cycles/sec)
p = elastic force of the cable per unit length of
bridge in the vertical direction due to a small
vertical deflection
q = natural frequency of pipe line
S = Strouhal number

viii

T = tension in the cable
t = time
t1 = thickness of pipe wall
V = wind velocity
v = velocity of pipe line
v' = speed of translation of vortices
w = dead load per unit length of bridge
a = angle of attack η
= deflection of pipe line

V = kinematic viscosity
$ = slope angle at any point of cable
P = air density (mass/unit volume)
w = forced frequency of vibration, frequency of eddy
formation

INTRODUCTION
The purpose of this investigation is to analyse the
vibration of a pipe-line suspension bridge under the action
of wind and to suggest the possible solutions in preventing
its vibration0
The pipe-line suspension bridge is simple in construc
tion and loading.

The pipe line is freely

laid

on the

semicircular cradlers which are supported by hangers fas
tened to two main cables and prevented from lateral movement
by horizontal wind cables.
The Blythe pipe-line suspension bridge spanning the
Colorado River in California was observed to have high
amplitude oscillations before going on-stream, i.e., fluid
flows through pipe.

Oscillations with amplitudes as much

as 5 to 6 feet were reported having a frequency of
cycles per minute.

19*3

After the bridge was put on-stream,

oscillations were still observed, appearing with almost
daily regularity

(1).*

In fact, though ten suspension bridges, between 1818
and 1889, were destroyed under the action of wind, no spe
cial attention was given to the investigation of aerodynamic
stability of suspension bridges until after the collapse of
the Tacoma bridge.

This bridge was destroyed on November 7*

1940, about six months after its inauguration under the wind
speed 42 mph

(62 ft/sec)*

^Refers to reference (1)
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In regard to the pipe-line suspension bridge, very few
reports have been published on the problems of stability.
The author believes that with the work of R 0 C» Baird (1) in
this field, a further investigation in the analysis of the
vibration of pipe-line suspension bridges and possible meth
ods of prevention will make the problem clearer and lead to
practical applications.
This paper contains three main parts.

In the first

part theories related to the explanation of vibrations under
the action of wind are reviewed and applied;

in the second

part, the differential equations of the vertical vibration
are derived and solved

in the third part, the possible

methods of preventing this vibration are suggested.

3

REVIEW OF LITERATURE

Before the accident of Tacoma Bridge
1940)

(November J,

no mention could be found in the literature of any

■work analyzing the effect of wind on the suspension bridge.
The accident of the Tacoma Bridge started extensive
research with models of reduced scale tested in wind
tunnels.

F. B. Farquharson* Professor of Civil Engineering

at the University of Washington* has since published five
reports (2); these reports related to the excitation along
with the explanation of galloping in transmission lines by
J. P. Den Hartog (11).

These articles also contain a com

plete mathematical analysis of the free oscillations of a
bridge and include the results of tests on reduced models
under the wind.

During the period of these investigations

(1940-194-3)* Theodore Von Karman directed similar studies
at Pasadena.

He had investigated the trails of vortices in

the wake of an obstacle since 1911.
D. B. Steinmann attacked the problem independently
(14).

His paper was one of the first to give a simple

theory for natural frequencies without wind* and then goes
on to discuss all kinds of existing bridges.
It appears that Friedrich Bleich was the first author
to point out the connection of flutter speed of aircraft
wings to bridges

(15 )•
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D. B. Steinmann (3) developed a list of sections that
are either stable or unstable in wind.
R. C. Baird (1) was the first to make experimental
studies in the subject of pipe-line bridges.
his solutions to practical problems.

He applied

5

BRIDGE OSCILLATIONS

The motion of a particle in space has six components;
three in displacement and three in rotation.

The principal

factors affecting the vibratory motion of a pipe-line sus
pension bridge are wind force, gas pulsation and earthquake.
However., practical measurements have indicated that wind
velocity is the main cause of oscillations of pipe-line
bridgeso

This is so since there is

a considerable velocity

range for the stimulation of amplitude

(1).

Basically, the occurrence of the natural vibration of
pipe-line suspension bridges may be caused by the influence
of such environmental factors as temperature change, the
disturbance of airplane overflight,

thunder, wind force,

and unsteady flow of a fluid in the pipe line.

Once this

natural vibration of pipe-line suspension bridges has
occurred, there is always the possibility of obtaining the
resonant frequency xdiich has been excited by wind force.
That is, the action of the wind force will

put energy

into the vibrating system and thus increase the amplitude
of vibration at specific velocities.

The obtainment of

resonant frequency may result in catastrophic oscillations
of the whole bridge.
Actually, the components of motion in a pipe-line
suspension bridge that must be considered are the vertical
vibration and the torsional rotation of the longitudinal
axis of pipe line.

For a single pipe line with a circular

6

cross section, the torsional rotation may be neglected.
In observing the failure of the Tacoma Bridge and
other existing suspension bridges, only the vertical vibra
tion, torsional vibration and longitudinal vibration were
reported

(2), These studies showed that the motion in the

longitudinal direction is due to the unsymmetric modes of
vertical motion, therefore it can be neglected provided
that the vertical motion is suitably eliminated.
The motion in the direction of the wind which is
assumed to be horizontal and perpendicular to the longitu
dinal direction depends on the rate of change of the pres
sure of wind and the components of the drag and lift forces.
This horizontal vibration is not considered in the stability
problem of a large suspension bridge because of the bridge*s
inherent stability in that direction.

In the case of pipe

line suspension bridge, this horizontal vibration is also
unlikely to occur.

Tests (3) of a long cylinder mo v 

ing transversely at a uniform velocity through a fluid excited
only vertical vibration.

Also, observations of the vibra

tions of tall smoke stacks (9),(10) showed that there were
violent oscillations laterally instead of oscillations in
the direction of wind.

Moreover, from the analysis of the

lift and drag forces, it can be shown that the total drag
force varies with the angle of attack.

As the direction

and magnitude of the drag force is relatively fixed over a
long period, it is obvious that the pipe line will be

7

displaced to one side of the equilibrium position only,
rather than oscillate with respect to the static equilibrium
position.

Therefore there will not be any vibration in the

direction of the wind.
In the case of circular cross sections, considering the
torsional vibration with respect to the longitudinal axis,
the distribution of the stagnation pressure is almost sym
metric about the vertical center line

(8).

Therefore the

resultant alternating upward force very nearly passes
through the center of rotation, and thus no torsional rota
tion will result.

8

NEGATIVE SLOPE THEORY
If, from any cause, a bridge is moving downward while
a horizontal wind is blowing, the resulting wind with
reference to the bridge is angled upward (positive angle of
attack).
L(lift)

(Drag)
I Bridge moving down* ward at velocity v

Fig. 1.

Angle of attack on a moving pipe line.

In aerodynamic work it is customary to resolve the
total force on an object into two components
(a)

(2)?(4) :

In the direction of the wind (the drag or resist

ance D) .
(b)

Perpendicular to the wind (the lift L ) .

These two forces can be measured with the static wind tunnel
test (2) .
In Fig. 1, the lift and drag forces have vertical com
ponents opposite to the direction of motion and equal to L
cosa and D sina, respectively.

The total vertical force

F developed by wind is
F = L cosa + D sina

Eq.

(1)

We are not interested in the force F itself but rather
in

dF

i.e., in the variation of the upward force with a

9

variation in a or in arctanv /V.
Differentiating Eq.
= cosa ^

(1) with respect to a.

- L sina + sina

= sina (-L +

+ D cosa

+ cosa (D + ^-)

Since v may be assumed to be small with respect to V,
arctanv/V represents a very small angle for which the cosa
approaches unity and sina approaches zero, thus approxi
mately,
dF = dL
da
Ha + D

Eq.

(2)

The values of lift and drag must be found from a static
wind tunnel test.

The data obtained from this type of test

may be plotted against angle of attack (2), such as Fig. 2

Fig. 2.
If

Lift Curves

is negative, it means that the vertical alter

nating wind force increases for negative a and decreases
for positive a.

Then clearly we have the case of inducing

alternating force, that is the forces exerted by the

10

resultant -wind continually pour energy into the structure
and increase the amplitude of vibration.
hand, if

dF

On the other

is positive, then a condition of decreasing

the amplitude of vibration arises and energy is absorbed.
Thus the criterion for dynamic stability is

<

0

In Fig.

(unstable) and

>

0

(stable)

(2a), for moderate amplitudes, there is a

wind acting downward on the bridge while the bridge is mov
ing down.

However, the motion will be halted and reversed

by the elastic action of the bridge, then the vertical com
ponent of the wind reverses, the angle of attack becomes
negative and the lift force becomes positive tending to
increase the amplitude of the return oscillation.

As the

bridge oscillates with increasing amplitude its vertical
velocity, v, also increases and therefore the maximum posi
tive and negative values of a increase until a part of the
motion occurs in the angle range where the lift opposes the
motion, that is, where the slope of the lift force is
positive.

Finally an amplitude is reached at which the net

energy from the wind action in a cycle is just equal to
the energy loss per cycle caused by frictional or damp
ing forces.

Thereafter, the wind velocity remaining con

stant, the bridge oscillates at a steady state amplitude.
If now, the velocity V, is increased then a corresponding
increase in the velocity of vibration, v, must take place
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if the maximum range of a is maintained at its steady state
value.

This increase in v for a given mode of vibration

can take place only if the amplitude of vibration increases
since the frequency remains constant.

Thus it is seen that

with an increasing velocity the amplitude will increase
indefinitely or until the bridge is destroyed.
This is the case when the maximum effect occurs in a
horizontal wind.

It is also possible that the maximum

effect may occur in a wind angled upward at an angle aQ
such as Fig.

(2b).

In this case,if the bridge oscillates,

the effective angle of attack will range from

to

and

the bridge will be acted upon by the steady lift, C, plus
or minus a varying lift D.

At angle aQ the steady lift will

oppose the downward motion and assist the upward motion and
its net energy contribution will be zero in each cycle.

How

ever, during the downward motion the effective angle of attack
will be increased from

to

negative and assist the motion.

and the force D will be
Also as the bridge moves

upward the effective angle is diminished from

to a^, D

becomes positive and assists the upward movement

(5)-
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VORTEX THEORY
When the wind moves steadily past the pipe line,
eddies are formed periodically behind the pipe line.

Each

time an eddy is released, an unbalanced vertical force acts
on the pipe line.

Since the pipe line is free to vibrate

vertically, the alternating vertical forces may impose on
it a forced vibration with a frequency equal to the eddy
frequency.

If the eddy frequency is in a critical range

relative to the natural frequency of the pipe line, the
vibration of the pipe line may develop a large amplitude.
k—
a — *1
-- 5 -------- > -r
jh
->---- *---

Fig. 3«
Let aa

Vortices behind a pipe line

be the distance between two successive vortices

in the same row,

h

the distance separating the rows,

the width of the obstacle,

V

d

the wind velocity, and v v ’

the speed of translation of the vortices, the eddy frequency
is
Eq. (3)
Here S is known as the Strouhal number which is a dimension
less ratio, for a circular cross section, the relation ob
tained from experiments
therefore S = 0.2.

(3) are v * 0.86V and a = 4.3d,
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It has been found that S is a constant for a given
shape,, over a wide range of Reynolds numbers

(R = Vd/y,

velocity times diameter divided by kinematic viscosity).
The range of the constant extended to a critical Reynolds
number (2,000,000) and that for larger values of the
Reynolds number the periodic Karman vortex shedding would
not occur.
Corresponding to the periodic Karman vortices the
upward force F per unit length of the bridge can be expres
sed in the form
F =
where

(l/2]>V2d) sin2TrNt
= coefficient

(dimensionless)

f = air density (mass/unit volume)
N = frequency (cycles/sec)
t = time (sec)

Eq.

(4)

14

FLUTTER THEORY
The failure of the Tacoma Bridge and the model test of
it in the wind tunnel showed (12) that the leeward side of
the model had a greater amplitude of motion than did the
windward so that the axis of rotation was not on the longi
tudinal center but moved toward the windward side.

In fact*

the oscillation was a combination of both the torsional and
vertical modes of the same form and the frequency was
between those of the two pure modes.
This behavior was identified by Friedrich Bleich as
flutter similar to that experienced with wings and other
elements of aeroplanes

(5)3 (15 )•

From previous theories it is known that the wind force
causes a lift which acts at a distance from the longitudinal
center and therefore induces a twisting moment.
ing torsional movement

The result

alters the angle of attack so the

lift is increased which also increases twisting moment.
This continuous action quickly becomes catastrophic pro
vided the vertical and the torsional motions can take place
at the same frequency and at an appropriate phase relation.
In the pipe line suspension bridge* for a simple cir
cular cross section* there will not be any torsional moment.
However* for multipipe or noncircular cross sections, a tor
sional moment will exist*

the magnitude of which can be

obtained by wind-tunnel tests from the expression:
M = C M (l/2fV2 )

(2).
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DERIVATION OF EQUATIONS
In the analysis of the vibration of a pipe line under
the action of wind, the most important problem is to know
the motion of the pipe line.

As discussed above* the verti

cal vibration is the basic one.

If the vertical vibration

is prevented* the other kinds of vibration can be greatly
diminished or even eliminated.

Therefore* only the equa

tion of vertical vibration will be derived.

However* in

order to simplify the analysis* some general assumptions (2)
will be made?
(a)

The additional cable tensionAH* produced by the de
flection* is small compared with the tension due to
dead load H .
w

(b)

The extension of the cable is negligible.

(c)

The suspenders are inextensible.

(d)

The towers are perfectly flexible under horizontal
forces applied at their tops.
Since the pipe line and the cable are two separated ele

ments with connecting suspenders* the action of
the forces can be considered in two methods of analysis.
the first case* the forces are acting on the pipe line;
the second case* the forces are acting on the cable.

In
in

From

assumption (c) the cable and the pipe line always have the
same vertical deflection, therefore* the resulting motion
of both cases should be the same.

Because the pipe line and

the cable are acting together* in a unit length of the
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bridge,

the equilibrium equation of the forces will be the

same, though the boundary conditions may be different.

That

is the pipe line can resist moments at its supports while the
cable cannot.

In all the suspension bridge analyses examined

by the writer,

the analyses followed the second case and as

sumed the stiffness of the suspended structure was negligible.
In this thesis the analysis will follow the first case.
In this case, the pipe line can be considered as a con
tinuous beam under the action of inertia forces, elastic
forces and lift forces.

These forces can be calculated as

shown below.
Let El be the flexural rigidity of the beam in the plane
of vibration,

M

be the bending moment of the pipe line at

any cross section;

be the vertical displacement of any

point in the longitudinal axis of the pipe line, taken as
positive when upward; and
and cable per unit length.

w

be the weight of the pipe line
Then the following relations

from elementary theory exist between these quantities:

d2yj

M

and

dx2

a.-=1T

so

d 2M _

w

Eq.

(5)

Therefore the elastic force per unit length of the
bridge on the pipe line due to deflection caused by the
vibration of the bridge will be El ---L where El is constant
dx4
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throughout the bridge.
The elastic force of the cable per unit length of
bridge exerted on the pipe line due to the deflection of
the pipe line can be calculated as follows:
Let H

= horizontal component of the tension due to dead

w

load.
aH

= additional horizontal component of tension due to
the elastic force of the cable,

p = elastic force of the cable per unit length of the
bridge due to a small vertical deflection ^

.

T = tension in the cable.

Fig. ty.

Uniform dead load on the cable.

Let the origin be placed at the center of the span
and at a height in line with the top of the towers.

The

coordinates of the cable under dead load alone at any point
are x and y.

Considering the force acting on the cable at

x, which makes an angle 0 with the horizontal, and resolv
ing the forces horizontally and vertically, Fig.
T cos 0 =

= constant

and T sin 9 = wx
Eliminating T and noting that tan 0 = - ^
wx
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Differentiating with respect to x,
£ 1
dx

= .

Eq.

(6)

If the bridge is under vibration (2), the cable will deflect
^

vertically and produce an elastic force

p

per unit

length of the bridge, and a small additional horizontal com
ponent of tension AH, then w may be replaced by w + p, and
y, by y + ^

and

( \ + AH)

or

by

+ AH in Eq.

(6) which gives

^ + ^-1) - -w-p
dx2
dx2

aH^
+ H
dx2
^dx2

^

+ A H ^ l * -p

Eq.

(7)

Eq.

(8)

dx2

According to the assumptions AH is smill compared to

then

the terms AH— ^ and AH— ^ are the product of two relatively
dx2
dx2
small quantities and ma y be neglected. Thus, approximately,
the force acting on the pipe line due to a small deflection
of the cable is
d2*t _

Here

Eq.

(9)

the horizontal component of tension due to dead

load is a constant, and can be obtained as follows:
Solve Eq.

(6), with the origin placed at the center of the

span of total length l and at a height in line with the top
of the towers, then

y

+ CjX + Cg
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With the boundary conditions ^
get

= 0, y = f, at x = 0, we

= 0, Cg = f, where f is the sag.

x = ^ , then the value of H

H

W

Also, y = 0, at

is obtained as

wl2
w = BT "

Eq.

(10)

The lift force L due to wind (Eq. 4) is the result of

the formation of vortices and acts alternately with a fre
quency equal to the eddy formation rate, and is L sinuit
where L = C^(l/2 |1V2d).

y

4

I

L sin tat

TirrrTrrTrTTTTTTTTTr^!TiTl^TTr>TTTTTT7^

Fig.

5-

Lift force on the pipe line.

Since the inertia force per unit length of the bridge

9 according to Newton’s law, the equilibrium cong dt2
dition in the vertical direction is
is

L sintot - El— 3*- - p = m^—^

dx4
or

EI^l +
Sx4

3t2

h

dt2
J ^ L = L sinrtt
”dx2

Eq.

(11)

This is the differential equation of motion for the
vertical vibration of the pipe line.

The solution of this

equation which also satisfies the initial and boundary con
ditions will define the vertical deflection at any time and
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at any position x along the pipe line.
modes of vibration can be plotted.

When ^ is known, the

The slopes, bending

moment, and shear of the pipe line can be computed by
successive differential with respect to x.
The solution of Eq.

(11) consists of a particular

solution and a complementary solution.

The complementary

solution is obtained by letting the right-hand side of this
equation equal zero.

Thus

El-- L + m^— L = 0
«wdx:
dx4
dt2

Eq.

(12)

by separation of the variables, assuming

\=

X(x)T(t)

Substituting in Eq.
EI X ^ T

EIX^
or

Eq.
(12)

+ mXT^

- \ x ( 2^

5X

(13)

- lyt^2 ' T = 0

t

(2)

= " T

Note that the terms on the left-hand side are dependent
only on x and the term on the right-hand side is dependent
only on t.

This being the case they can be equal to each

other only if they are equal to the same constant,

say q 2 .

then
+ q2 T = 0
EIX^

- i y P 2 ' - mq2X = 0

Eq.
Eq.

(14)
(15)
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fH* +

+'

n

2EI

"-Hj, + n/ h 2w + 4EImq2 1

*4

f

r —

L

2EI
Eq.

then obviously r and

s are real numbers.

equation will be + s

and + ir

(16)

The roots of the

where i = 1 .

The solution

of the equation then becomes
X = C-j^ sin rx +

cos rx +

sinh sx +

cosh sx

T = A cos qt + B sin qt

Eq.

(17)

Eq.

(18)

There are six independent constants to be determined,
values of r and s can be found
constants may be evaluated
and two time conditions.
of constants

after q is
by

found.

the

These six

using foursupport conditions

In order to simplify the evaluation

the modes of motion can be classified

as symmetric modes and asymmetric m o d e s .

Since the supports

at towers and ends can resist moment and shear, the pipe
line can be considered as a three span beam with the ends
fixed and simply supported at the towers. If the length of
the side spans are JL^, then if x is measured from the center
of the main span, the boundary conditions of the symmetric
mode are
1. \ (x,t) = \ (-x,t)
2. \ ( li ,t) = 0
3- ”1 ( K +
Sx "*1

Eq.

>t) = 0
+

= 0

(18a)
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From the first boundary condition., we have
C-^ sin rx 4-

sinh sx = 0

Since -i-fi(< x< | -ti), the above equation can only be satis
fied when C-^ =

X =

= 0, hence

cos rx +

cosh sx

Eq.

(19)

Eq.

(20)

Eq.

(21)

Eq.

(22)

Substituting the other boundary conditions gives
C2 cos r- + C^ cosh s ^
cos r (~ + i!,) +

=0

cosh s ( i + ^ ) = 0

-C^r sin r ( i + £, ) + C^s sinh s (i +

) = 0

Since the nontrivial solution exists if and only if the
determinant of the C !s vanishes, then
cosr 4
Ai =

^

coshs ~
= 0

cosr( { + {()

coshs(4 + ^, )

cosr(^+J(|)

coshs(4+^|)
= 0

-r s i n r ( l + 4 )

Expanding equations
1
cos r t

sufficient.

Eq.

(24)

Eq.

(25)

Eq.

(26)

(23 )> (24)

cosh s( 4 + £))

r tan r ( 1 + 4 ) = -s tanh s ( 4 + 4 )
With two constants

(23)

s sinhs(4+i|)

cosh si

cos r ( ~ + . ^ )

Eq.

theoretically, two equations are

Acually, there is one additional condition to
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restrict the motion.

Since q is the unknown

s) in E q s . (25) and (26)

(included in r and

it must satisfy these two equa

tions at the same time, and if q satisfies these two equa
tions simultaneously, its value is the required true value.
The roots of q can be solved either by plotting the curves
of these two equations and finding the intersections or by
the trial-and-error methods.
be replaced by Cp from Eq.

However, the constant

(20)., then Eq.

can

(19) is simplified

to
cos r 1
X = Cp (cos rx - ------ - cosh sx)
cosh s ^
For the asymmetric mode, ^ (x,t) = -

Eq.

(27)

(-x,t), the other

three boundary conditions will be the same as in Eq.

(18a).

This first condition leads to
Cp cos rx + C^ cosh sx = 0
For the same reason,

C2

the above equation can be valid only when

= Cjj. = 0, hence
X =

sin rx +

sinh sx

Eq.

(28)

Eq.

(29)

Eq.

(30)

Eq.

(31)

The other three boundary conditions give
C-j^ sin r l +

sinh s{ = 0

C-j^ sin r(-| +1|) +
C-j^ r cos r ( 4 +

sinh s ( 4 ^ | )

= 0

s cosh s (1 + ^ ) = 0

By setting the determinant equal to zero, the nontrivial
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solution can be obtained, thus
sin r (
A3 "

sinh s

= 0 Eq.
sin r ( 4 +

4

sinh s ( 4 +

)

4 =

r cos r ( 4 +

4

(32)

)

sinh s ( 4 + j}|)

sin r( i + i(,)
a

4

)

s cosh s(

4 + 4) =

0 Eq.

(33)

Eq.

(34)

Eq.

(35)

Expanding the determinants, they become
sin r k______

_ sinh s

sin r ( 4 +i^|)
r cot r ( 1 +

____

sinh s( 4 +

4)

4)

= s coth s ( 4 +

i ()

With r and s in terms of q, the roots of q can be solved
by satisfying the above two equations at the same time.
Also, with

in terms of C-^ in Eq.

(29), Eq.

(28) was

simplified to

.
X = C-, (sin rx - s— n- r 'y sinh sx)
sinh s 4

Eq.

(36)

It was considered that the pipe line would begin to vibrate
at a certain velocity which causes a particular mode of
deflection.

At t = 0, if the wind pressure imposed is large

enough to excite a vibration, then the initial velocity
will be zero.
and

Differentiating Eq.

equating

(18) with respect to t

to zero at t = 0, we get B = 0, and

T = A cos qt
Combine this equation with Eqs.

Eq.

(37)

(27) and (36), and substitute
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in Eq.

(13).

Then the equation contains only one constant

to be determined, which may be determined by the initial
condition of motion at t = 0.

The equation after sub

stitution is
(cos rx

1
l

cos rJi
------ r* cosh sx) cos qt
cosh s/^

sin r]^
(sin rx - ------ - sinh sx) cos qt
sinh sh.

Eq.

(38)

Eq.

(39)

It is obvious that since the second term in the parenthesis
is hyperbolic its value will decrease as x increases and
does not contribute to vibration.

Also note that its abso

lute value is always less than unity if the constants
are replaced by the relations of Eqs.

(21) and (30),

C^ = -Cg cos r ( 4 + l ) ) / c o s h s ( l + ( ^ ) and

= -C-^ sin r

( A + £()/sinh s ( x + £|) at t^ie si d e span.

Therefore the

deflection curve is of a wave form and it is most likely
that the amplitude will decrease from the center of the
span to the supports.
Assume that the initial displacement condition is
known, then the constant can be evaluated.

Let the sym

metric and asymmetric modes be
cos r k
l ( x,0) = ?(s(c°s r x ---------- cosh sx)
cosh s
sin r ^
(x,0) = 17 (sin r x --------- sinh sx)
l
la
sinh sj^
Where )j g and 7ja are maximum amplitudes at t = 0.

and
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Then the symmetric mode and the asymmetric mode are
cos r \
'j = Jj (cos rx - ------ - cosh sx)cos qt
cosh s^i

E q . (40)

rK

-T ^
S^n
■i = , (sin rx - -------- sinh sx)cos qt
sinh s%_
The particular solution of Eq.
assuming

Eq.

(41)

(11) can be obtained by

= K sinitft, then substituting in Equation (11),

the constant is
K = -±m to2

Eq.

(42)

If ■we combine the complementary solution and the particular
solution, then the solution is given by

Symmetric mode:

cos r
?] =
(cos rx - ------1
18
cosh

--- — sin iJt
muj2

Eq.

sin ry^
Asymmetric m o d e : ^ = ^1 (sin rx - ------L
la
sinh

sin uot

cosh sx)cos qt

(43)

sinh sx)cos qt

Eq.

(44)

m ul2
Since the deflection ^ at the towers is always zero,
by setting ^| = 0 at x = + £/2, it is seen that E q s . (43),
(44), can be satisfied only for

mw 2

sin lOt = 0, or

tot = mr , or t = — ^—

, where n = 0,1,2,3*.... •

Substituting t =

into Eqs.

(43),

(44), gives
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Symmetric mode:

Asymmetric mode:

c°sr 3{
^1 =
(cos rx - ------ cosh sx)cos— ^
1
18
coshs(A
Eq. (45)

•! =

s inr
(sin rx - -----—
1
sinhs

sinh sx)cos~j^
Eq.

(46)

It is seen from the above equations that the deflection
will have its maximum value only at

resonance;

that is when

the natural frequency, q, of the pipe line is equal to the
forced frequency, which is the eddy formation rate.

This

effect verifies the previous explanation of exciting a vibra
tion.

However, because of the elastic behavior,

sible for the amplitude to become infinite.

it is impos

Hence it is very

reasonable that the deflection will have its maximum value
when the forced frequency approaches the natural frequency.
The wind force acting on the pipe line is due to the for
mation of eddies.

Hence by noting that

r

and

s

ma y be

evaluated after q is given, we may plot the deflection curve
if the natural frequency and the forced frequency are given
and the initial deflection is known.
As discussed after the evaluation of

X, Eqs.

(38) and

{39)> the possible deflection curve will be a wave mode with
the amplitude decreasing from center of the span to the supports.
Example:

The Blythe pipe line suspension bridge was reported (1)

to have an amplitude as much as 5 to 6 ft which had a
frequency measured to be 19-3 cycles per minute.

The
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physical parameters were

1 = 1020 ft, f = 80*, d =

30 ”^

t-^(thickness of pipe w a l l ) = Lj."

E = 30 x 10^ pounds/in2 .
I = 6,224 in4 .(pipe line), w = 160.5 pounds/ft
Since the side span pipe lines are not suspended by the
cables, we consider only the center span.
deflection,

Assume maximum

then

q = 19.3 cpm = 19.3 x 2tt/60 = 2.02 rad./sec.
w
m = -jr -

2

= °-°3*6
= ^62,000 pounds

= ijf =

-H* +v/Hzw + 4EImq2-A
r =

2EI

262,000 + v /(262,000)2+

4x30xl0°x6,224x0. 0346x (2.02)2

2x30xlO°x6,224

= 0.000645

\

+ v/H2w + 4EImq2

s =
2EI
=

0.00135

cos r /
Let X = cos rx - -------- cosh sx and express rx in degrees
cosh s;/
and sx in radians,

the mode of vibration can then be plotted.

29

Table 1.

Calculation of relative deflections

X (ft)

0

100

200

300

400

510

rx(degrees)

0

44.4

88.8

133.2

177.6

226.4

sx(radians)

0

1.62

3.24

4.86

6.48

cos rx

1

+0.7145

cosh sx

1

2.625

c Tcosh sx

0

-0.00095

-0.00462

-0.0234

-0.118

—

X

1

+0.7155

+0.0256

-0.6611

-0.8811

0

+ 0.02094

12.8

-0.6845

8.25

-0.9991

326.22

64.6

—

i_____________________________________ _

Here rx at x = 100 ft is 0.000645( ^ 2 .x l2 ) 1 0 0 = 4 4 . 4

sx at x = 100 ft i s 0 . 00135 x 12x 100 = 1 .6 2
_ COSr^ = c o s (0 .4 4 4 x 5 1 0 )
Koshs k. cosh (0 .0162x510)

c o s (2 2 6 .4 )
cosh (8 .2 6 )

-3.14xl0-4

Assume )]g Is a unit, then the mode of vibration can be
plotted.

It is thought that the values of amplitude will

decrease with the increase of frequency and that the m a x 
imum amplitude will occur at a simple wave mode.

Since

the mode and the initial deflection are not reported,
maximum value of amplitude cannot be calculated.
ever, Fig.

6 still verifies the tests disclosed by

How

the
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R. C. Baird (1) that wind force could excite the 1.5 wave mode
without the fundamental mode being presented.

Fig. 6.

The mode of vibration of the Blythe pipe line
suspension bridge at a natural frequency of
19.3 cpm.
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METHODS OF PROVIDING STABILITY

It was seen from the above analysis that a horizontal
wind passing across the pipe line will form vortices in the
wake of the pipe line and instantaneously there is a veloc
ity difference between the top and the bottom of the pipe
line.

In accordance with Bernoullis*s principle,

this

produces a pressure difference between the area above and
below the pipe line.

Since this pressure difference alter

nates in direction, it causes a vertical vibration.

When

the frequency of this vibration is the same as the natural
frequency of the pipe line, the amplitude of vibration will
increase to its maximum value.

Therefore the methods of

preventing this vibration are:
1.

Weaken or eliminate the source of vibration.

2.

Change the natural frequency of the pipe line so that
resonance or near resonance is avoided.

3.

Supply sufficient damping to assure that resonant vi
brations will not produce excessive amplitudes.
In the first method,

the main purpose is to eliminate

the formation of vortices or weaken the formation of vortices,
thus the lift force can be eliminated or decreased to an
negligible amount.

This can be obtained by changing the

section of the pipe line to an aerodynamically stable
section or by using fins or guide vanes to break off the
formation of vortices.

However,

the studies of a circular

cylinder in a fluid without vibration (3) can be applied
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to the pipe line suspension bridge.

Since in practice the

wind flow may come from either direction, the practical
solution should consider the formation of vortices at both
sides.

The test

(3 ) showed that if the fluid flow is

always coming from one side, guide vanes such as Fig. 7a
will prevent its transverse vibration.

However in the gen

eral case, the wind may reverse its direction and use of
guide vanes would not help stability.

A n adjustment of

placing fins as, Fig. 7t>, at both sides will be suitable
to break off the formation of eddies.

The practical design

of the fins can be verified by wind tunnel tests.

The plac

ing of fins will be most efficient if they are placed at the
points of maximum deflection.
obtained by Eqs.
deflection.

These positions can be

(45) and (46) by assuming an initial

Another method of avoiding the formation of

vortices is using a stream line cross section such as the
elliptical section shown in Fig. 7c.
In the second method for reducing vibration, a m u lti
pipe system or an upside-down suspender cable ma y be used,
Fig. 8a, 8b.
In the third method, mechanical dampers ma y be used (1).
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Section withsstraight
vanes.
^a ^

Section w i t h curved
vanes

d

Pipe Section

Pipe Plan

Elliptical Section

(b)
Fig. 7.

2

(c)

(a) Guide vanes, (b) fins and
(c) elliptical section.

(b)
Fig. 8.

(a) Multipipe system and
down suspender calle.

(b) Upside

As stated in the negative slope theory,

the distin

guishing feature of a stable section is that an upward
inclined fluid flow against the stationary section will
produce an upward resultant and downward inclined fluid
flow will produce a downward resultant.

While an unstable

section is subjected to a downward resultant whenever the
section is moving down and an upward resultant whenever
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the section is moving up.
section,

Therefore to determine a stable

either the wind tunnel test or a simple installa

tion such as a spring mounted model, Fig.
Steinmann Pendulum, Fig. 9b, may be used.

9^, or the
If an assumed

elliptical section amplified its transverse oscillation
when the steady wind from a fan or a blower is applied,
will be an unstable section*
section.

otherwise,

it

it will be a stable

By adjustment of the ratio d-^ and d^ in Fig. 7c,

it is possible to find an aerodynamically stable section.

Fig.

9. (a) Spring mounted model and (b) Steinmann Pendulum
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If a large single pipe line is changed to an equivalent
area in a multipipe line, the stiffness of the pipe line
may decrease but the area of the obstacles is also de
creased and hence it decreases the drag and lift forces.
The frequency of the eddy formation rate is inversely
proportional to the diameter and this results in an
increase of the frequency 'which in turn decreases the ampli
tude of vibration.

Furthermore,

if the multipipe system

is allowed some space between the various pipes,
lift force will also decrease.

the

This can be verified by the

fact that a vehicular suspension bridge was successfully
designed with holes

(3) which were provided in order to

decrease the effect of lift force.
decreased in stiffness,

Therefore,

though

the pipe line will increase its

stability by using an equivalent area multipipe.

The effect

of torsional vibration in this case will not be very great
when compared wi t h a vehicular suspension bridge.
If an upside-down suspender cable is used,

the elastic

force will increase with increasing displacement in resist
ing vibration.

The worst loading condition which the cable

has to carry m a y be obtained by as sinning a maximum lift
force L.

Under this condition, neglecting the elastic

force of the pipe line, the load to be carried by the cable
is
P = L - w
where w is the weight per unit length of bridge.

With the
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load known, the stress in the cable can be calculated
by following the usual design of cables in suspension
bridges.

Fig.

10.

Loads on an upside-down suspender cable

The cable can be treated as simply supported at the towers
with uniform loading.

Then with the moment at the center

of the span equal to zero, the horizontal component of
tension in the cable can be obtained as follows;

H = ^

(L “ w )
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CONCLUSION

Application of the available theories adequately
explains the initiation of vibration and its attending
possible amplification.
The solution of the differential equation derived shows
the modes of vibration at the various natural f r e q u encies.
This study verified the effect of resonance and the possible
initiating modes of vibration w i t h 1.5 wave mode as tested
b y R. C. Baird

(1).

The methods of preventing vibration provide the
possible solutions to achieve stability of a pipe-line
suspension bridge.
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